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PARTITION ALGEBRAS FOR ALMOST-DISJOINT FAMILIES
BY
JAMES E. BAUMGARTNER' AND MARTIN WEESE

ABSTRACT. A set ¢ C w is a partitioner of a maximal almost-disjoint faculty F of
subsets of w if every element of F is almost contained in or almost-disjoint from a.
The partition algebra of F is the quotient of the Boolean algebra of partitioners
modulo the ideal generated by F and the finite sets. We show that every countable
algebra is a partition algebra, and that CH implies every algebra of cardinality
< 2%0 is a partition algebra. We also obtain consistency and independence results
about the representability of Boolean algebras as partition algebras.

0. Introduction. Two subsets a and b of w are almost-disjoint if a N b is finite. An
almost-disjoint family, for the purposes of this paper, is an infinite set of infinite,
pairwise almost-disjoint subsets of w. We shall be interested in maximal almost-dis-
joint families (called mad families by Mathias in [7]), which in particular must be
uncountable.

Let F be a mad family. A set a C w is a partitioner of F iff Vb € F either b — a or
b N a is finite. The set of partitioners of F forms a Boolean algebra B. A partitioner
of F is nontrivial if it does not belong to the ideal I in B generated by F together with
the finite sets. The algebra B /[ is called the partition algebra of F. If a Boolean
algebra is isomorphic to the partition algebra of some mad family then we say that
the algebra is representable.

It is our hope that this notion of partition algebra, due to the second author, will
provide a useful way to classify almost-disjoint families. Other methods of classifica-
tion have been studied in [3 and 9].

We are primarily concerned with determining when a given Boolean algebra is
representable. We begin in §1 with some technical results which yield, in §2, the fact
that every countable Boolean algebra is representable, and that certain uncountable
algebras are always representable as well. We also show here that if B is a Boolean
algebra and | B | is smaller than the Rothberger cardinal p, then B is representable.
Hence, in particular, Martin’s Axiom implies that every Boolean algebra of cardinal-
ity < 2% is representable. We show in §3 that the continuum hypothesis (CH)
implies that every Boolean algebra of cardinality < 2% is representable, and in §4
we show it consistent that CH fails and no algebra containing the free algebra on N,
generators is representable. Hence, in particular, it is consistent that no infinite
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620 J. E. BAUMGARTNER AND MARTIN WEESE

complete Boolean algebra is representable. The paper concludes in §5 with a list of
open problems.

Our set-theoretical notation is standard. P(X) denotes the power-set of X, and
P(w) is generally regarded as a Boolean algebra with the usual set-theoretic
operations. The meet, join and complement operations in an abstract Boolean
algebra are denoted by A,V and -, but for subalgebras of P(w) the set-theoretic
operations are used. Throughout the paper, Fin denotes the set of finite subsets of w.
We will be concerned with algebras embeddable in P(w)/Fin. It is well known that
every algebra of cardinality <&, is embeddable in P(w)/Fin. See [2, Theorem
14.12].

We denote { f: f maps a into 2} by “2.

If (P, <) is a partial ordering and D C P then D is dense in P iff Vp € P3q €
D g < p. Given a family {D;: i € I} of dense subsets of P, we say that G C P is
generic with respect to {D;: i € I} iff:

(OHVp,qe GIreGr<p,q;

2Q)Vp e GVg=pgq € G;

B3)VvVielIGnD,#0.

All the mad families we construct will have cardinality 2%, Hechler [4] has shown
it consistent that mad families of cardinality < 2%° exist, but such families lead to a
special class of Boolean algebras, the superatomic algebras, which we do not consider
here, except for a brief treatment of finite-cofinite algebras.

THEOREM 0.1. Suppose F is a mad family and | F | < 280 If B is the partition algebra
of F, then B does not contain the free algebra on 8, generators (equivalently, B has no
atomless subalgebra).

PrOOF. If the theorem is false, then there is a sequence of partitioners (a,: n € w)
of F such that, for any function s € U{"2: n€w}, N{a, s(n)=1}nN
M {w — a,: s(n) = 0} is a nontrivial partitioner of F. Now if f €“2 it is easy to see
that there exists an infinite set a such that Vn if f(n) = 1 then a — q,, is finite and if
f(n) =0 then a N a, is finite. Since F is maximal there is b € F such that b N a is
infinite. Since each a,, is a partitioner of F we must have b — a,, finite when f(n) = 1
and b N a, finite when f(n) = 0. That is to say, f is canonically obtained from b.
Since there must be such a b € F for every f €“2, we must have | F|= 2%, a
contradiction. [

1. Two technical theorems. If F is an almost-disjoint family, then a is a strong
partitioner of F iff a is a partitioner of F and both {b € F: b — a is finite} and
{b € F: b N ais finite} are uncountable.

THEOREM 1.1. Let I C P(w) be an ideal containing at least one infinite set. Then
there is an uncountable almost-disjoint family F C I which is maximal among all
almost-disjoint families contained in I and which has no strong partitioners.

PROOF. Let a € I be an infinite set. Let T= U {"2: n € w}. Then T may be
regarded as a tree under inclusion. Without loss of generality we may assume that
I CP(Tyand {0} U {s € T: 5(0) =0} C a.
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A set x C T will be called thin if 3f €2V n{s € x: f|n C s} is cofinite in x. Note
that f is recoverable from x as the unique path through the subtree {r € T:
3s € xt C s}. We denote f by f, in this case. Note that, by Konig’s lemma, every
infinite y C T contains a thin set.

Now let G be an almost-disjoint family of thin sets such that {{f|n: n € w}:
f€“2, f(0)=0} C G, GCI and G is maximal among all almost-disjoint families
contained in /.

It is easy to find a bijection ¢: G — G satisfying the following conditions:

De=9¢".

(2)If x # y and f, = f,, then £, # f,,,, and either ¢(x) C aor p(y) C a.

(3) Either x C a or ¢(x) C a.

Let G = {x,: a <2%0}. For each a < 2% we will obtain a set X, C G and a
bijection ¢, of X, such that | X, |<| a| + 8 as follows. Let ¢, = 0. Given ¢,, choose
B minimal such that x; & X,, and let y be minimal such that x, C a, x, & X, U {xg}
and f, & {f;:y € X, U {xp}}. Let @, = @, U {(xp, X,),(x,, xp)}, and let X,
= X, U {xg, x,}. Note that x can always be found since {f,;: x Ca,x € G, x
thin} D {{f|n: n € w}: f €“2, f(0) = 0}, which has cardinality 2¥°. Finally, if & is
a limit ordinal, let X; = U{X,: a <8} and let o5 = U {@,: a < 8}. Let ¢ = @,x,.

Let F' = {x U ¢(x): x € G}. Then F’ is an almost-disjoint family maximal
among almost-disjoint families contained in I.

LeEMMA 1.2. If b is a strong partitioner of F’, then both {c € F': ¢ — b is finite} and
{c € F": ¢ N b is finite} have cardinality 2%°.

PROOF. Let us consider C = {¢ € F': ¢ — b is finite}. The other case is similar.
Let X = {f: x U @(x) € C, x C a}. Since C is uncountable, so is X by (1)—(3). Let
T'={s€T:3t€anbs Ct} Then T is a subtree of T and every element of X is
a branch through 7". Hence the set of branches through 7" is an uncountable closed
subset of “2, so there are 2% branches through 7”. But if f is any branch through 7"
then it is easy to find thin y Ca N b with f, = f. Now y € I since a € I, so by
maximality of G there is z € G with z N y infinite. Hence z N b is infinite, so since b
is a partitioner of F’, z U @(z) € C. It follows that f € {f,: x U ¢(x) € C}, so the
latter set has cardinality 2%, and C has cardinality 2%°. O

Now we can obtain a bijection y: F’ — F’ such that

@y=y

(5) If b is a strong partitioner of F’ then there is some x € F’ such that x — b is
finite and ¢(x) N b is finite.

(Once again v is constructed by an induction of length 280, using Lemma 1.2.) Let
F={xUy(x): x € F'}. Any strong partitioner of F would have to be a strong
partitioner of F” also, but this is impossible by (5). Thus F'is as desired.

Now suppose U C P(w) has the finite intersection property (i.e., every finite
intersection of elements of U is infinite).

Note that this conflicts with the usual definition of the finite intersection prop-
erty; our notion should really be called the strong finite intersection property.
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However, since we have no use for the usual definition we will omit the word
“strong” in the rest of the paper.

Let us say that U is extendible iff for any a C w, if U U {a} has the finite
intersection property, then there exists an infinite set b C w such that Vx € U U {a},
b — x is finite. We say that U is strongly extendible iff for any countable set
X C P(w), if U U X has the finite intersection property, then there is infinite b C w
such that Vx € U U X, b — x is finite. It is not difficult to find families U which are
extendible but not strongly extendible. For example, {{(m, n): n > f(m)}: f €E“w} is
(isomorphic to) such a family.

THEOREM 1.3. Suppose B C P(w) is a Boolean algebra with the property that every
ultrafilter U in B with the finite intersection property (i.e., which contains no finite sets)
is strongly extendible. If I is the ideal of finite sets in B, then B/I is representable.

ProOF. For each ultrafilter U C B with the finite intersection property, let
I, = {a Cw: Vb € Ua — b is finite}. Then I, is an ideal containing at least one
infinite set (by extendibility), so by Theorem 1.1 there is an uncountable family
F,, C I, of almost-disjoint sets maximal among all such families and with no strong
partitioners. Let F = U {F,: U C B an ultrafilter with the finite intersection prop-
erty}. We assert that F'is a mad family and B/ is its partition algebra.

Clearly, if a € I, b€ 1, and U # V, then a N b is finite. Hence F is almost-
disjoint. Suppose a C w is infinite. Then there is an ultrafilter U C B containing no
finite sets such that U U {a} has the finite intersection property (take U to be a
maximal filter on B containing the cofinite members of B and such that U U {a} has
the finite intersection property). Hence, since U is extendible, 3b € I, b — a is
finite. It follows by maximality of F;, that 3¢ € F, b N c is infinite; hence a N c is
infinite also and F is maximal.

It is also clear that every element of B is a partitioner of F. Moreover, since each
F, is infinite, each infinite coinfinite element of B is a nontrivial partitioner of F. Let
B’ be the algebra generated by B U F and the finite sets, and let I’ be the ideal in B’
generated by F and the finite sets. We must show that any nontrivial partitioner
differs from an element of B by an element of /’.

Suppose a is a nontrivial partitioner which does not differ from any element of B
by an element of /’. Then, in particular, a € B’, so {b € B": b — a is finite} U {c €
B’: ¢ N a is finite} U I’ generates a proper ideal J in B’. Let U’ be an ultrafilter in
B’ disjoint from J, and let U = U’ N B.

We claim that a is a strong partitioner of F,, contrary to the choice of F,. This
will complete the proof.

Suppose, for example, that X = {¢ € F;: ¢ — a is finite} is countable or finite.
Now w — ¢ € U’ for each ¢ € F since a is a partitioner of F,so UU {a} U {w — c:
¢ € X} has the finite intersection property. Since U is strongly extendible there is
infinite b C w such that Vx € UU {a} U {w — c: ¢ € X}, b — x is finite. Hence
b € I,s03d € F, b N dis infinite. It follows that a N d is infinite, so d — a is finite
since a is a partitioner of F. Hence d € X, contradiction. Thus X is uncountable.
Similarly we can show that {¢ € F,: ¢ N A is finite} is uncountable.
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2. Consequences of Theorem 1.3. We can draw several immediate corollaries from
Theorem 1.3.

THEOREM 2.1. Every countable or finite Boolean algebra is representable.

PRrROOF. Every such algebra is embeddable in P(w)/Fin, and so is isomorphic to
B /Fin for some countable subalgebra B of P(w). The strong extendibility condition
of Theorem 1.3 is trivially satisfied.

Moreover, certain uncountable algebras are always representable. Let FC, denote
the algebra of all finite or cofinite subsets of A.

THEOREM 2.2. For all A < 280, FC, is representable.

PROOF. As in the previous section, let 7= U {"2: n € w}. Let X C“2 be such
that | X|= A, and let F = {{f|n: n € w}: f € X}. Let B be the subalgebra of P(T')
generated by F, and let I denote the collection of finite sets in B. Then clearly B/ is
isomorphic to FC,. We need check only the strong extendibility condition.

Let U C B be an ultrafilter with the finite intersection property. If U contains an
element of F then U is clearly strongly extendible. Thus we may assume U is the
ultrafilter generated by {w —a:a € FU I}. Let {4,: n € w} C P(T), and suppose
U U {4,: n € w} has the finite intersection property.

LetT,={(t€T:3s €A, N --- NA,t Cs},andlet S, = {f €°2: {f|m: m € w}
is a branch through T,,}.

Case 1. N{S,: n € w} is finite. Let Y =X N N{S,: n € w}. Since U U {4,:
n € w} has the finite intersection property, for each n, a, = (4,N --- NA4,) —
U {{f|m: m € w}: f € Y} is infinite. Hence if a C T is such that a — a,, is finite
for all n, thena — bis finite forallb € UU {A4,: n € w}.

Case 2. (1 {S,: n € w} is infinite. It is an easy matter to find distinct f, € S, so
that {f,: n € w} is discrete in “2. (Any infinite Hausdorff space has an infinite
discrete subspace.) Now fix (¢, n € w) so that ¢, C f, and the ¢, are pairwise
incomparable. Finally, choose s, € A, N --+- NA, so that ¢, C s, and let a = {s,;:
n € w}. Now it is easy to check that a — b is finite forallb € U U {4,: n € w}.

A closely related atomless algebra is the following. Let A be a cardinal and let
P=U{"\: n € w}. For p, g € P, let p < q iff p D q. Then P is isomorphic to a
dense subset of a complete Boolean algebra B. Let C(A) be the subalgebra of B
generated by the image of P. (“C” stands for “collapse”.)

THEOREM 2.3. If A < 2%0 then C(M) is representable.

PROOF. The proof is similar to Theorem 2.2, but a little more complicated, so we
only sketch it. Let A: A —“2 be one-to-one, and denote i(a) by h,. For each p € P,
define an infinite subset F, of w and a bijection G, from F, to T by induction as
follows. In each case, G, is arbitrarily chosen. Let ) = w, and let

Fyotay= G, '({hy|n:n € w}).

Let B the subalgebra of P(w) generated by {F,: p € P} U Fin. Then it is easily seen
that C(A) is isomorphic to B | Fin.
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To show that B has the strong extendibility property, let U be a nonprincipal
ultrafilter on B, {4,: n € w} C P(w), and suppose U U {A4,: n € w} has the finite
intersection property. The hard case is when there is a p € P of greatest length such
that F, € U. In this case, for each n € w let

T,={geT:(3s€4,N - N4,NE,)qCGyJs)],
S, = {f€“2: {f|m: m € w} is a branch through T},

and proceed as before. [

The interval algebra on the set R of real numbers, denoted by I4A(R), is the
subalgebra of P(R) generated by all left-closed, right-open intervals [a, b), where a,
b € R, a < b, together with all rays (-0, b) where b € R.

THEOREM 2.4. IA(R) is representable.

ProOOF. First note that IA(R) is isomorphic to a subalgebra of P(Q), where Q
denotes the rationals, by the mapping which carries a € IA(R) to a N Q. Then
observe that every ultrafilter in JA(R) is countably generated. The result now follows
by Theorem 1.3. O

It is worth pointing out that if B is an algebra satisfying the hypotheses of
Theorem 1.3, then any subalgebra of B also satisfies the hypotheses. We do not
know, however, whether a subalgebra of a representable algebra must necessarily be
representable.

Following van Douwen, we let p denote the smallest cardinal number such that for
any family F C P(w), if | F|<p and F has the finite intersection property, then
there is infinite a C w such that a — b is finite for all b € F. It is well known, for
example, that Martin’s Axiom implies that p = 2%¢, whereas the converse is false
(see [6]). Rothberger [8] was the first to consider the proposition p = 2%,

The following theorem is an immediate consequence of Theorem 1.3.

THEOREM 2.5. If B is a subalgebra of P(w)/Fin and | B|< p, then B is represent-
able.

We can even do a little better.

THEOREM 2.6. If B is a Boolean algebra and |B|<p, then B is embeddable in
P(w)/Fin, so B is representable.

PROOF. It seems to be part of the folklore that Martin’s Axiom implies that every
Boolean algebra of cardinality < 2% is embeddable in P(w)/Fin. The argument
given here is a mild variation of the usual one, making use of a result of Murray Bell.

Fix B, and let P be the following partial ordering. Let p € P iff p is finite,
domain( p) C B and range( p) C"2 for somen = n(p) € w. Let p < g iff

(1) domain( p) D domain(q),

(2) Vb € domain(q), p(b) 2 q(b),

(3) Va, b, c € domain(q) if a A\ b = ¢ then Vm € domain( p) if m = n(q) then
p(c)(m) = 1iff p(a)(m) = p(b)(m) = 1,

(4) Va, b € domain(q) if a = b then Vm € domain( p) if m = n(q) then p(a)(m)
= 1iff p(b)(m) = 0.



PARTITION ALGEBRAS FOR ALMOST-DISJOINT FAMILIES 625

Fora,b € B,a+# b,and n € wlet D(a, b,n) = {p € P: a, b € domain(p), n <
n(p) and Im = n p(a)(m) # p(b)(m)}. It should be clear that each D(a, b, n) is
dense in P. If G C P is a pairwise compatible set and D(a, b, n) N G # 0 for all a, b
and n, then it is easy to see that B may be embedded into P(w)/Fin by mapping a
to the equivalence class of {n: 3p € G p(a)(n) = 1}.

Recall that a partial ordering Q is o-centered if there exists f: Q —  such that Vn
every finite subset of f ~'(n} has a lower bound. Bell [1] showed that MA, holds for
o-centered partial orderings whenever k < p, so we need only check that P is
o-centered.

Define another partial ordering on P by letting p < ’gq iff p D ¢. Then it is clear
that if F is a finite subset of P with a lower bound relative to <’, then F has a lower
bound relative to <. (Note that n(p) = n(q) for all p,q € F.) But (P, <’) is
essentially the Cohen ordering for adding | B | subsets of w, and it is well known that
this ordering is o-centered, since | B |< 2%o. (This can be seen as follows: The Stone
space X of the Cohen algebra is the product of 2¥° copies of the two-element discrete
space, hence is separable. Let {x,: n € w} be dense in X. Now define f: P - w so
that if U, is the open set in X determined by p, then x,,, € U,.) Hence (P, <) is
also a-centered and the proof is complete.

Unfortunately, it follows from a result of Kunen [5] that Theorem 2.6 does not
extend to Boolean algebras of cardinality 2%°, even assuming Martin’s Axiom, for
such algebras need not be embeddable in P(w)/Fin. Nevertheless it is conceivable
that these algebras are still representable, but we have not been able to prove it.

3. All algebras may be representable. In Theorem 2.1 we saw that every countable
Boolean algebra is representable. It is well known (see [2, Theorem 14.12]) that every
Boolean algebra of cardinality N, is embeddable in P(w)/Fin, so it is natural to ask
whether every such algebra is representable. We have not been able to answer this
question in general, but here we give an affirmative answer assuming the continuum
hypothesis.

THEOREM 3.1. Assume CH. Then every Boolean algebra of cardinality <280 is
representable.

PROOF. Let B be a Boolean algebra of cardinality 2% = N, and let (b,: @ < w,)
be a sequence of generators for B such that, if B, is the subalgebra generated by {b:
B < a}, then b, & B, for all a. Let (z,: a < w,) enumerate the infinite subsets of w.
By induction on @ < w,; we will construct C,, F, and f, such that:

(1) F, is a countable almost-disjoint family.

(2) C, is a countable subalgebra of P(w) containing F, and the finite sets, and
consisting exclusively of partitioners of F,; moreover Va € C, if a is infinite then
3b € F, b — ais finite.

3) f,: C, - B, is a surjective homomorphism, and the kernel of f, is the ideal I,
generated by F, and the finite sets.

@ Ifa<BthenC, C G, F, C Fyand f, C f,.

(5) Va either z, € C,, or else z, is not a partitioner of F, , |.
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Once this construction has been accomplished, let F = U{F: a<w,}, C=
U{Cra<w},I=U{la<w},f= U{f:a<w}. Thenby(2)and (5) Fisa
maximal almost-disjoint family and C is the set of partitioners of F; by (3) and (4) f
induces an isomorphism of C/I with B, as desired.

Now we treat the construction. By Theorem 2.1, we may start the construction at
stage @ = w. (This may involve redefining z, for n < w.) If a is a limit ordinal, let
Co=U{(G: B<a}, F,=U{F: B<a}, f,= U{f: B<a}. Clearly (1)~(5) are
satisfied.

Finally, suppose C,, F, and f, have been obtained. We will produce C,_ ,, F,
and f,,, in two steps. First we define C,, F,,, and f,. If z, € C, or z, is not a
partitioner of F,, thenlet F, ., = F,, C, = C,, f. = f,. Otherwise let I’ be the ideal
in C, generated by I, together with {a € C:a Nz, =0} U {a € Cy:a—z, = 0}.
Since z, & C, but z,, is a partitioner of F,, it is easy to see that I’ is proper.

Let U be an ultrafilter in C, disjoint from I’. Note that Va € U both a N z, and
a — z, are infinite. Now let y, and y, be infinite sets such that Va € U, y, — (a N z,)
and y, — (a — z,,) are finite. Let F,,, = F, U {y, U ,} and let C, be the algebra
generated by C, U {y, U »,}. Note that F, | is an almost-disjoint family, C, D F, , ,
U Fin, C; consists exclusively of partitioners of F, |, and Va € C, if a is infinite
then 3b € F, b — a is finite; and z, is not a partitioner of F, ;. If y =y, U y,,
then every element of C, has the form (a Ny) U (b —y) for a, b € C,. Let
fi(any)U (b—y)) = f(b). We must check that £ is well defined. If (a, N y) U
(b, —y)=1(a, Ny) U (b, — y), then the symmetric difference b, + b, C y. Since
b, +b,€C,, but y & C, (as is easily seen), we must have by (2) that b, + b, is
finite. But then f(b,) = f(b,) so f, is well defined; clearly it is a homomorphism
from C, into B,.

Now, given C;, F,,, and f;, we construct C,,, and f . ,. Let P = {(a, b):
a,b€Cl,anb=0,f(a)<b, fib) <b,). Since b, & B,, we have w — (a U b)
infinite for all (a, b) € P. Let P be partially ordered by letting (a, b) < (¢, d) iff
¢ C aand d C b. We consider the following subsets of P, all of which are easily seen
to be dense:

Let I; be the ideal in C, generated by I, U F,, ; it is easily seen that I, is the
kernel of f,. If a € C, and f,;(a) < b,, then let D(a) = {(a’,b') E P: a — a’ € I}}.
If f/(a) < b, then let D(a) = {(a’, b') € P:a — b’ € I.}.1ff(a) N b, and f(a) — b,
are both nonzero, then let D(a) = {(a’, ') € P: 3¢, d € F,_,c — (a N b’) are both
finite}.

Fora,b € C, let D(a,b) = {(a’,b’) € P: eithera’ Na+#a’ Nborelsea — b
=b —b’}, and let D,(a, b) = {(a’, b’) € P:eitherb’ Na*b'Nborelsea —a’ =
b—a’}. Forae F, , let E(a)={(a’,b’) € P: a— (a’ UDb) is finite}, and for
n€wletD, = {(a’,b))EP:nEa UDb).

Let G be generic with respect to all these (countably many) dense sets, and let
a, = Uf{a:3b (a, b) € G}.

Let C,,, be the algebra generated by C, U {a,}. Note that since G N E(a) = 0
for all a € F, |, a, is a partitioner of F,; in fact, if (a’, ') € G N E(a) and
a N a’ is finite, it is easily seen that a N a, = a N a’. Hence C,,, consists of
partitioners of F,  ,.
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Every element of C, ., has the form (a N a,) U (b — a,) for a, b € C,, and every
element of B, , has the form (a A b,)V (b —b,) for a, b € B,. Define f,,:
Cov1 = Boyy bY

fari(anva,) U (b= a,)) = (fia) N by) V (£u(b) = by).

LeEMMA 3.2. f, ., is well defined.

Proor. If (a, Na,) U (b —a,)=(a,Na,)U (b, —a,), thena, Na, =a, N
aqand (b, — a,) = (b, — a,). Let (a, b) € G N Dy(a,, a,). Then we must have had
a, —b=a, — b, while f)(b) < b,. Thus

fila) Nb = fil(ay = b) U b) A by =[fila = b) V i(B)] N,
= fala; = b) N b, = fi(ay — b) N b, = fi(a,) N b,.
Similarly, using D,(b,, b,), we can show f(b,) — b, = fi(b,) — b,. O

LeMMA 3.3. f, | is surjective.

Proor. This is obvious, since f] is surjective. [

LEMMA 3.4. f . | is a homomorphism.

Proofr. This is routine. [

LeEMMA 3.5. The kernel of f,,, is 1, ,, the ideal generated by F, | and the finite
sets.

PROOF. It is clear that f, ., D f;, and F,,, and the finite sets are contained in the
kernel of f;, so I, | is contained in the kernel of £, , |. Suppose

for((@ana,) U (b—a,) =0.
Then f)(a) Nb, =0 and f(b) — b, = 0. We will show that aNa, €1 ,,; the
proof that b — a, € I, is similar. But f;(a) A b, = 0 implies f(a) < b_a If (a’, b")
€ GN D(a), then a—b" €1,. Hence aNa,=(a—b)Na, Ca—b €I, so
aNa, €1,,,and we are done. 0O

LemMa 3.6. If a € C, ., is infinite then 3b € F, | b — a is finite.

PrROOF. We assume a = a’ N a, for a’ € C); the case a = a’ — a_ is similar. If
a’ € F,,, then since E(a’) N G # 0 we must have a’ — a, = a’ — a finite. Thus we
may assume a’ & I;. If f/(a’) < b, then since D(a’) N G # 0 we are done since C,
has the property of this lemma. If f/(a’) < b, then since D(a’) N G # 0 we would
have a’ N a, = b N a, for some b € I/, and this case has already been treated. In
the only remaining case there is still no difficulty, since again D(a’) N G # 0. O

This completes the proof of Theorem 3.1. [

4. Some algebras may not be representable. In contrast to the result of §3, here we
show that the existence of nonrepresentable algebras of cardinality < 2% is rela-
tively consistent with the axioms of set theory.

If k is a cardinal, let P(k, w) denote the set of all finite functions p such that
domain( p) C « and range( p) C 2, ordered by reverse inclusion. Then P(k, w) is the
usual ordering for adding k Cohen-generic subsets of w.
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THEOREM 4.1. Assume CH. Let k = 8, be a cardinal, and let P = P(x, w). Then |-,
“If B has a subalgebra isomorphic to the free algebra on N, generators, then B is not
representable”. Hence I+, “No infinite complete Boolean algebra is representable”.

PROOF. Suppose, by way of contradiction, that the theorem is false. We may
assume that G is P-generic over V, and in V[G] there is a mad family F and a
sequence (a;: § < w,) of subsets of w such that Vp € P(w,, w), M{a; p(§) =1}
N MN{w — a;: p(§) = 0} is a nontrivial partitioner of F.

It follows immediately that if f € V[G] is a countable function with domain( f) C
w,, range( f) C 2, then 3a € F V§ € domain(f) a — a; is finite if f(§) = 1 and
a N ag s finite if f(§) = 0. For there must exist infinite b such that b — a, is finite if
f(§) = 1and b N a, s finite if f(§) = 0, and by maximality of F there is a € F with
a N b infinite; but now the conclusion follows by the assumption of the preceding
paragraph.

By the homogeneity of P, the assertion of the first paragraph is forced with
respect to P. From now on we work in V. Let F and ( Gz £ < w,) be terms denoting
Fand (a;: § < w,).

It is well known that if ¢ is any sentence of the language of forcing then there is a
countable set X C k such that

VpEePplto iffp|XIFo.

It follows that for each £ < w, there is countable X; C k such that Vp € PVn € w:

(1) pkn€a,=p|Xlkn€a,
and
(2) plrné&a,=p|Xknéa,.

By CH, we know that there exists Z C w, such that | Z|=N, and {X;: { € Z} is
a A-system; hence we may assume that {X;: { < w,} is a A-system with kernel A
(ie, X; N X, = A whenever £ <1 < w,).

Let P| X, = {p| X;: p € P}. Note that if fis a bijection between X, and X, then f
naturally lifts to an isomorphism f* between P | X; and P | X,. Just define f* so that
/*(p)(f(a)) = p(a). Let us say that a,; and 4, are isomorphic if there is a bijection f:
X > X, such thatVp € P| X, Vn € w,

pkn€da,=f*(p)knea,
and
plknga,=f*(p)knéa,.

It is easy to see that there are at most 2%¢ isomorphism types among the a; so, by
CH, we may assume without loss of generality that all the 4, are isomorphic.

Finally, let us say that 4, and a, are A-isomorphic if they are isomorphic via a
bijection f: X; — X, which is the identity on A. Again it is clear that there are at
most 2% A-isomorphism types, so we may assume that all the a, are A-isomorphic.
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Fix 8 <k so that {8 + n: n € w} N U{X,: m € w} = 0. Now if G denotes the
generic set G we have, by our observation above,

F,3a € FVn € wa — a, is finite if UG8+ n)=1and aNa,
is finite if U G(8 + n) = 0.

Let a be a term so that the statement above is forced when a is replaced by 4.
Let Y C k be a countable set related to ¢ as X, is related to @, in (1) and (2).
Finally, choose « so large that

(X, -A)N(Yu{§+nmnew)uUU{X,:mew})=0.
We assert that
IFpa — a, and a N a, are both infinite,

which contradicts our original assumption. This will complete the proof.

We will show that Vp € PVn € w3g<pIm>ngqlk-m € a N a,. The proof for
a — a, is similar. Fix p € P. Since p is finite there is kK € w large enough so that
8 + k & domain( p) and X, N domain(p) C A. Let f: X, — X, be a A-isomorphism.
By assumption on k f*(p|X,) is compatible with p. Let ¢ =f*(p|X,) Up U
{(8 + k, D}

Now g It @ — a, is finite, so g IF @ N 4, is infinite. Hence thereisr <gand m =n
such that 7 It m € a N a,. Moreover, r| Y U X, Ik m € a N g, by (1) for Y and X,
so we may assume thatr =g U r| Y U X,.

But this means r | X, = p | X, by choice of &, so s = r U f*7!(r| X,) is a condition,
and clearly sk m€daNa, (skm€Easinces<r,and slktm € a,since r| X, Ik m
€ a,, f*"\(r| X,) <s, and f* is a A-isomorphism).

This completes the proof of the first part of the theorem.

For the last assertion, simply note that any infinite Boolean algebra contains a
disjoint family {b,: n € w} of nonzero elements. If 4 is a family of independent
subsets of w and | 4 |= 2%°, then { V {b,: n € a}: a € A} generates a free algebra of
cardinality 2%°. Since 2%° > N, in the generic extension, it follows that any infinite
complete Boolean algebra has a subalgebra isomorphic to the free algebra on N,
generators.

One of the referees has remarked that a similar argument may be used to conclude
that

I, “If B has a chain of order type w,, then B is not representable”.

5. Open problems. We conclude with a list of open problems.

Problem 1. If B is representable, must every subalgebra of B be representable?

Problem 2. If B is representable, must every homomorphic image of B be
representable?

Problem 3. Must every representable algebra be embeddable in P(w)/Fin?

Problem 4. Is it provable in ZFC that every Boolean algebra of cardinality 8, is
representable?

Problem 5. Is it provable in ZFC that the free algebra on N, generators is
representable?
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Problem 6. In Theorem 1.3 can strong extendibility be replaced by extendibility?

Problem 1. Is it consistent with —CH that every Boolean algebra of cardinality
< 2%0 be representable?

There are also some less specific problems.

Problem 8. Characterize the Boolean algebras which are always (i.e.,in ZFC)
representable.

Problem 9. Characterize the algebras representable when “almost-disjoint” is
defined with respect to an ideal other than Fin.

Problem 10. Generalize this discussion to cardinals above 8.

A Boolean algebra is superatomic if it has no atomless subalgebras. Let us call a
mad family F small if | F|< 2%. The methods of Theorems 0.1, 1.3, 2.1 and 2.2 may
be used to show that if there exists a small mad family, then every countable
superatomic Boolean algebra together with certain of the FC,, 8, <A < 2%, are
representable by small mad families.

Problem 11. Suppose that there is a mad family F with | F|= X < 2. Char-
acterize the superatomic Boolean algebras which are representable by mad families
of cardinality A.
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